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Abstract—Link scheduling is a fundamental design issue in
multihop wireless networks. All existing link scheduling algo-
rithms require the precise information of the positions, and/or
communication/interference radii of all nodes. For practical
networks, it is not only difficult or expensive to obtain these
parameters, but also often impossible to get their precise values.
The link scheduling determined by the imprecise values of these
parameters may fail to guarantee the same approximation bounds
of the link scheduling determined by precise values. Therefore,
the existing link scheduling algorithms lack performance ro-
bustness. In this paper, we propose a robust link scheduling,
which can be easily computed with only the information on
whether a given pair of links have conflict or not and therefore is
robust. In addition, our link scheduling does not compromise the
approximation bound and indeed sometimes can achieve better
approximation bound. Particularly, under the 802.11 interference
model, its approximation bound is 16 in general and 6 with
uniform interference radii, an improvement over the respective
best-known approximation bounds 23 and 7.

Index Terms—Link scheduling, interference, robustness, la-
tency, approximation algorithm.

I. INTRODUCTION

Link scheduling is a fundamental design issue in multi-
hop wireless networks. A multihop wireless network N is
specified, in its most general format, by a triple (V, A,7),
where V' is the set of networking nodes, A is the set of
communication links among V, and 7 is the collection of sets
of independent (or conflict-free) links in A specified implicitly
by an interference model. The communication topology of N
is the digraph (V, A). A (fractional) link schedule TI in N is
a set

{(j,4) €T xRy 11 < j <k}
the two values k£ and Z?Zl ¢; are referred to as the size
and length (or latency) of II respectively. 1I is said to be the

fractional link schedule for a link demand d € Rf if for each
link a € A,

k
d(a) =Y 4;|I;n{a}|.

Jj=1
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The problem Shortest Fractional Link Schedule (SFLS)
seeks a shortest (fractional) link schedule for a given a set
of communication links together with their demands.

The problem SFLS under either the 802.11 interference
model or the protocol interference model has been well-
studied recently. An instance of a network IN under either the
802.11 interference model or the protocol interference model
is specified by a finite planar set V' of nodes together with a
communication radius function r € RK and an interference
radius function p € ]RK satisfying that p > 7. The communi-
cation (respectively, interference) range of a node v € V' is the
disk centered at v of radius 7 (v) (respectively, p (v)). The set
A of communication links and the collection Z of independent
sets of links are defined as follows:

o 802.11 interference model: A consists of all pairs (u,v)
satisfying that v and v are within each other’s commu-
nications ranges. Two links in A conflict with each other
if and only if at least one link has an endpoint lying in
the interference range of some endpoint of the other link.
A set I of links in A are independent (i.e., I € 7) if all
links in I are mutually conflict-free.

« Protocol interference model: A consists of all pairs (u, v)
satisfying that u and v are within each other’s communi-
cations ranges. Two links in A conflict with each other if
and only if the receiving end of at least one link lies in
the interference range of the transmitting end of the other
link. A set I of links in A are independent (i.e., I € 7)
if all links in I are mutually conflict-free.

Under either of these two interference models, the problem
SFLS is NP-hard even when all nodes have uniform (and
fixed) communication radii and uniform (and fixed) interfer-
ence radii and the positions of all nodes are available [7].
On the other hand, it admits a polynomial-time approximation
scheme (PTAS) [7] under the 802.11 interference model or
under the protocol interference model with some additional
mild conditions. In other words, for any fixed ¢ > 0, it
has polynomial-time (depending on ¢) (1 + ¢)-approximation
algorithm. Such PTAS is of theoretical interest only and is
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quite infeasible practically. A series of works [1] [2] [6] [8]
have been devoted to practical constant approximation algo-
rithms. However, all these algorithms have super-exponential
running-time in the worst case as observed in [7]. Wan
[7] then developed approximation algorithms which not only
have truly polynomial running time but also have improved
approximation bounds.

Under either the 802.11 interference model or the protocol
interference model, all the known algorithms for SFLS [1]
[2] [6] [8] [7] require either the positions of all nodes or the
interference/communication radii of all nodes. For practical
networks, these parameters are difficult or very expensive to
be obtained. In addition, we can only hope for estimated values
rather than the precise values of these parameters. However,
the link scheduling determined by the estimated values of these
parameters may no longer be able to guarantee the proved
approximation bounds. In this perspective, all the known
link scheduling algorithms lack performance robustness. This
drawback of the known algorithms raises naturally the question
on whether there exists a practical approximation algorithm for
SFLS which does not require any information of the positions
and the interference/communication radii of all nodes but still
achieves the same or even better approximation bounds.

In this paper, we give a positive answer to the above
question by developing a simple and efficient approximation
algorithm for SFLS which requires only the “topological”
information on whether a given pair of links have conflict
or not, and the information on the link demands. Its im-
plementation is independent of the interference model. In
addition, it does not compromise the approximation bound.
Indeed, its approximation bound cannot be worse than any
approximation bound obtained in [7]. Specifically, under the
protocol interference model, its approximation bound is at
least the same as the one in [7]; under the 802.11 interference
model, its approximation bound is 16 in general and 6 with
uniform interference radii, an improvement over the respective
approximation bounds 23 and 7 derived in [7].

The following standard notations and terms are adopted
throughout this paper. Let S be a finite subset. For any real
function f € R and any subset S’ C S, f(S’) denotes
Y ecy f(e). Let G = (V, E) be an undirected graph. For any
subset U of V, G [U] denotes the subgraph of G induced by U.
For any node v € V, N¢ (v) denotes the set of neighbors of v
in G, and Ng [v] denotes {v} U Ng (v). For any d € RY,
d (Ng (v)) is referred to as the weighted degree of v in
(G,d), and d (Ng [v]) is referred to as the closed weighted
degree (CWD) of v in (G, d). Consider a vertex ordering <
of V. For each v € V, N (v) denotes the set of neighbors
of v preceding v in the ordering <, and N [v] denotes
{v}UNZ (v). An orientation of G is a digraph obtained from
G by imposing an orientation on each edge of G. Suppose that
H is digraph with vertex set V. For any subset U of V, H [U]
denotes the subgraph of H induced by U. For each v € V,
N (v) denotes the set of in-neighbors of v in H, and N [v]

denotes {v} U N (v); similarly, Ng** (v) denotes the set of
out-neighbors of v in H, and N [v] denotes {v}UNZ (v).
The Euclidean distance between two points v and v in the
plane is denoted by ||uv||.

The remaining of this paper is organized as follows. In Sec-
tion II, we present a unified framework for first-fit fractional
weighted coloring in arbitray graphs. Following such general
framework, we develop the design and analysis of a first-
fit fractional weighted link scheduling algorithm in multihop
wireless networks in Section III. Finally, we conclude this
paper in Section IV.

II. FRACTIONAL WEIGHTED COLORING

Let G = (V,E) be an undirected graph. A subset I of
V' is an independent set (IS) of GG if no two nodes in I are
adjacent. If I is a independent set of G but no proper superset
of I is a independent set of G, then [ is called a maximal
independent set of G. Any node ordering (vq,va, - ,v,) of
V' induces a maximal IS I in the following first-fit manner:
Initially, I = {v;}. For i = 2 up to n, add v; to I if v;
is not adjacent to any node in /. An independent set of the
largest size is called a maximum independent set. Let I be
the collection of all independent sets of GG. The independence
number of G, denoted by « (G), is defined to be max;ez |I].
For any node v, the value o (G [Ng [v]]) is referred to as the
local independence number (LIN) of v in G. For any d € RY,
a fractional (weighted) coloring of (G, d) is a set of k pairs
(I;,¢;) € T xRy for 1 < j < k satisfying that for each
veV,

k
> 4G n{v} =d(v).

Jj=1

The two values k£ and Z§:1 ¢; are referred to as the number
and length of the coloring respectively. The fractional chro-
matic number x5 (G, d) of (G,d) is defined as the minimum
length of all fractional colorings of (G, d).

A first-fit fractional weighted coloring algorithm was devel-
oped in [7], which is described as follows. Consider a vertex
ordering < of G. For any d € RY, this algorithm produces
a fractional coloring II of (G, d) in the following iterative
manner. Initially, IT is empty. In each iteration, let V'’ be the
subset of vertices v € V with d (v) > 0. Compute a maximal
set I of independent vertices in V' in the first-fit manner in
the ordering < restricted to V’. Let ¢ = min,e; d(v), and
add (I,¢) to II. For each v € I, replace d(v) by d(v) — .
Repeat this iteration until d = 0. The output II is referred to
as the first-fit fractional coloring of (G, d) in the ordering <.
Since in each iteration the number of vertices v with d (v) > 0
strictly decreases, the number of iterations, or the number of
colors, is bounded by n. In addition, if d is integral then the
output coloring II is also integral. The next theorem was
proved in [7], which gives an upper bound on the length of
II.

Theorem 1: The first-fit fractional coloring of (G,d) in a
vertex ordering < of G has length at most max,cv d (NG [v]).
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For any vertex ordering <, the value max,cy d (NG [v])
is referred to as its closed d-inductivity. The smallest closed
d-inductivity of all possible vertex ordering is called the
closed d-inductivity of G,which is denoted by 0* (G,d). A
natural question is whether a vertex ordering of the smallest
closed d-inductivity can be computed in polynomial time. The
answer to this question is positive. In the next, we describe a
special vertex ordering called smallest-CWD-last ordering and
show that it achieves the smallest d-inductivity. It is produced
iteratively as follows: Initialize G’ to G. For ¢ = n down to
1, let v; be a vertex of the smallest closed weighted degree in
G’ and delete v; from G’. Then the ordering (vy,va, - ,vy)
is a smallest-CWD-last ordering.

Theorem 2: The smallest-CWD-last ordering achieves the
closed d-inductivity §* (G, d) and

3" (G,d) = max irg(rjld (Neq [u]) -

Proof: Denote

" (G,d) = max IuIIGIII]ld (Ne [u]) -

We first show that the closed d-inductivity of any vertex
ordering < is at least 3 (G, d). Let U C V be such that

0 (G,d) = ine%ld (NG[U] [u])

Let u be the last vertex in this ordering < such that u € U.
Then,
NG [u] 2 Neq [u]

which implies

maxd (NG [v]) > d (NG [u]) > d (Neg) [u]) > 8" (G.d).

Next, let < be the smallest-CWD-last ordering
(vy, Vg, v,,) and we show that its closed d-inductivity is at
most 0 (G,d). For any 1 <14 <mn,let V; = {v1,va, - ,v;}.
Then,

NG [vi] = Nepv [vi] -
By the selection criteria of v;, we have
d (NG [vi]) = min d (Noqy [u]) <6 (G.d).

Hence,

< . < <*

1réllagxnd (NG [vi]) <6 (G,d).

Thus, the closed d-inductivity of (v1,vg,- - ,v,) is at most
5 (G, d).

Therefore, the smallest-CWD-last ordering achieves the
smallest closed d-inductivity 3" (G, d) among all vertex or-
derings. So, 0* (G,d) = ¢ (G,d) and the theorem follows.

|

Next, we present two upper bounds on the closed d-
inductivity of G. We will need the following property of node-
weighted digraphs.

Lemma 3: Let H be a digraph with vertex set V. Then for
any d € RY, there exists at least one node u € V satisfying
d (N (w)) > d (N (u).

Proof: Let

U={veV:d(v)>0}.

The lemma holds trivially if U is empty. So assume that U is

nonempty. For any link (u,v) in H [U], we define its weight

c(u,v) = d(u)d(v). Since both s Z%N?{U](u) ¢ (u,v)

and Y o D0 e nout () € (u,v) are equal to the total weight
H[U

of all links in H [Uﬁ, we have

Z Z C('U,,’U):Z Z C(uav)a
uelU yeN’IL'_I"['U] (u) uelU 'UEN;_’;T;’J] (u)
and consequently
Z Z c(u,v) — Z c(u,v) | =0.

uelU UEN;_I"[U](u) veNIO;E{,](u)

So, there is at least one node u € U satisfying that

Z ¢ (u,v) > Z ¢ (u,v).
WEN;’I"[U](u) UGNI‘}iht]](u)
Note that
Z c(u,v) = Z d(u)d(v)
VEN T (u) vENt (u)

—dw) Y dw) =du)d (N}}L[U] (u)) ,
’UEN;_IH[U](’U,)
and similarly,
Y c(uw)=d(u)d (N,‘ﬁtm (u)) .
UeNI?tltJ] (u)

Therefore,
a(u)d (Niji () = d(w) d (Ngih) ()

As d(u) > 0, we have

d (N}ﬁm (u)) > d (Nﬁﬁ{,] (u)) .

Since
4 (N7 () = d (Njjipy (w))
d (N5 (w) = d (Ngiity (),
we have 4
4 (Njf (w)) > d (NG (u)).
Thus, the lemma holds. [ |

For any vertex ordering < of G, its backward local inde-
pendence number (BLIN) in G is defined to be

maxa (G [Ng [v]]) -

veV
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The backward local independence number (BLIN) of G,
denoted by a* (G), is defined as the smallest BLIN of all
vertex ordering. For any orientation H of G, its inward local
independence number (ILIN) in G is defined to be

maxa (G [N [v]]) -

The inward local independence number (ILIN) of G, denoted
by 5*(G), is defined as the smallest ILIN of all possible
orientations of G.

Theorem 4: For any d € RY,

0" (G,d) <min{a” (G),25" (G)} x¢ (G,d).
Proof: We first prove that
§*(G,d) < o™ (G) xs (G, d) .

Suppose that < is a vertex ordering whose BLIN is a* (G)
and
{(j, ;) eIx Ry :1<j <k}

is a shortest fractional coloring of (G, d). For any vertex v €
V', we have

dNG ) = > d(w)
ueNG [v]
- ¥ Ze 110 {u)|
u6N<[]
:Z > G n{u
J=lueNg v

k
= ij |[Z; N NG [v]]
k
SZ@'@ (G [NG [v]])
=a(G[Ng

<a* (G) (Gd

Therefore, the closed d-inductivity of any vertex ordering <
is at most o* (G) xs (G, d), and hence

* < =< )
0" (G,d) < Eflea‘}(d (NG [v])
Next, we prove that
6" (G,d) < 26" (G) xy (G,d).

Suppose that H is an orientation of G whose ILIN is 5* (G).
We show that

6" (G.d) < 2maxd (Nj [v]) < 26" (G)x (G, d).

We begin with the first inequality. By Lemma 3, for any U C
V', H [U] contains at least one node u such that

4 (N ) = d (Ngihy ().

Thus,

4 (Nep [u]) a () +d (N () +d (NGt ()
) +2d (N ()
d(u )+2d( (u))
< 24 (Nif u])

<2 Nt [v)).
< Iglea‘;(d (N [v])
By Theorem 2, the first inequality holds. We move on to the
second inequality. Suppose that
{(I;; 4;) e T xRy :1<j <k}

is a shortest fractional coloring of (G, d). For any vertex v €

V', we have
d (Nzn [ ]) _ Z d
ueN[v]

> me{uﬂ

ueNir ] j=1

k

=3 Y 4N {uy
J=1lueNirv]
k .

= 4 [N N [v]]

j=1

<immwww

£

||
M»

o (G [NF ) 17 (G d)
< B (G) xy (G.d).

Thus, the second inequality holds. |
The above three theorems immediately imply the following
general approximation bound on first-fit fractional coloring in
the smallest-CWD-last ordering.
Corollary 5: The approximation ratio of first-fit fractional
coloring in the smallest-CWD-last ordering is at most

min {a* (G),28* (G)}.

ITI. FRACTIONAL WEIGHTED LINK SCHEDULING

<.

Consider a multihop wireless network (V, A, Z) under either
the 802.11 interference model or the protocol interference
model. The conflict graph of A, denoted by G, is defined to
be the undirected graph on A in which two links are adjacent
if and only if they conflict with each other. Then, Z is the
essentially the collection of the independent sets in GG; and for
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any link demand d € R%, a (shortest) fractional link schedule
for d corresponds to a (minimum) fractional coloring of (G, d).
Therefore, we can compute a fractional link schedule for d in
two steps. In the first step, we compute the smallest-CWD-
last ordering of A using the iterative algorithm described
in the previous section. In the second step, we compute
a link schedule of (G,d) by using the first-fit fractional
weighted coloring algorithm [7] also described in the previous
section. Such algorithm is referred to as first-fit fractional link
scheduling in the smallest-CWD-last ordering. Note that both
steps require only the topological information on whether a
given pair of links have conflict or not, and the information
on the link demands. No information about the positions or
the interference/communication radii of the nodes is needed.
In the next, we derive the approximation bound of the
first-fit fractional link scheduling in the smallest-CWD-last
ordering. We shall establish the following upper bounds on
the BLIN and/or the ILIN of the conflict graph G.
Lemma 6: The following statements are true.
1) Under the protocol interference model, if the inter-
ference radius of each node is at least c times its
communication radius for some ¢ > 1, then

c— 1—‘ L

c

2) Under the 802.11 interference model with uniform in-
terference radii, * (G) < 6.

3) Under the 802.11 interference model, 5* (G) < 8.

The above lemma together with Corollary 5 implies im-
mediately the following approximation bounds on the first-fit
fractional link scheduling in the smallest-CWD-last ordering.

Theorem 7: The first-fit fractional link scheduling in the
smallest-CWD-last ordering has the following approximation
bounds:

1) Under the protocol interference model, if the inter-
ference radius of each node is at least c times its
communication radius for some ¢ > 1, its approximation
bound is at most 2 ( |7/ arcsin 1] — 1).

2) Under the 802.11 interference model with uniform in-
terference radii, its approximation bound is at most 6.

3) Under the 802.11 interference model, its approximation
bound is at most 16.

Note that under the protocol interference model, our approx-
imation bound is the same as the best-known one obtained
in [7]; under the 802.11 interference model with uniform
interference radii, our approximation bound 6 is better than
the best-known approximation bound 7 obtained in [7]; under
the 802.11 interference model with arbitrary interference radii,
our approximation bound 16 is better than the best-known
approximation bound 23 obtained in [7]. Therefore, even
without the information of the positions and the interfer-
ence/communication radii of the nodes, we are still able to
achieve the same or better approximation bounds.

The remaining of this section is devoted to the proof of
Lemma 6. The first part and the second part of Lemma 6

8*(G) < ’77'('/ arcsin

can be easily proved. For the protocol interference model, we
consider the following orientation H of G presented in [7]. For
any pair of conflicting links a; = (u1,v1) and as = (ugvs), if
v1 is within the interference range of us and vy is within
the interference range of w, take an arbitrary orientation;
otherwise, if v; is within the interference range of wuo, take
the orientation from as to ap; otherwise, take the orientation
from a; to as. It was shown in [7] that the ILIN of H is at
most |7/ arcsin 1| — 1. Thus, the first part of Lemma 6
holds.

For the 802.11 interference model with uniform interference
radii, we consider the lexicographic link ordering which sorts
all links in the lexicographic order of their left endpoints. The
Proposition 5 in [3] implies that for each link a, among all
links which interfere with and precede the link a, at most 6 of
them are independent. Hence, the BLIN of the lexicographic
link ordering is at most 6. So, the second part of Lemma 6
holds.

We proceed to prove the third part of Lemma 6 by con-
structing an orientation H of GG whose ILIN is at most 8 under
the 802.11 interference model with arbitrary interference radii.
For each node v, we use I (v) to denote the set of nodes w
satisfying that

p(w) = max{p (v), [[owl]|} .

Consider a link a = (u,v) € A with p(u) > p(v). It is said
to be dominated by another link a’ € A if o’ has an endpoint
w satisfying that either w € I' (u), or w € I" (v) and |Juw|| >
max {p (w), p(u)}. If a is dominated by a link o/, then a’ is
said to dominate a. The lemma below establishes the existence
of the domination relationship between two conflicting links.

Lemma 8: Suppose that a and a’ are two conflicting links
in A. Then, at least one of them dominates the other.

Proof: Consider two conflicting links a = (u,v) and a’ =
(u’,v"). By symmetry, we assume that p (u) > p (v), p (v') >
p(v), and p (u') > p(u). Then, neither endpoint of a’ is in
I (u), for otherwise a’ dominates a. So,

p (') <max{p(u), |uu]}, (1)
p(v') <max{p(u), [uv'|}. @)
Since p (u') > p (u), the inequality (1) implies that
p(u) <p) <|udll,
and hence
[uv/[| > max {p (u), p(u')}. (©)

Thus, v ¢ TI'(v'), for otherwise a dominates a’ by the
inequality (3). So,

p(u) <max{p ), ||u|}. 4)
From the two inequalities the inequality (2) and (4), we have
max {p (), p (v)}
< max {max {p (v), [|wv'|[}, max {p () , [luv[|}}
=max {p (u),p V'), [uv'[},
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which implies that

luv’|] > max {p (u), p (v)} . (5)

Consequently, neither endpoint of ¢’ is in T (v), for otherwise
a’ dominates a by the two inequalities (3) and (5). So,

p(u') <max{p(v),[lvu]}, (6)
p(v') < max{p(v),|v[|}. (7)

Since p (u') > p(u) > p(v), the inequality (6) implies that
we have
p(v) < p(u) < o],
and hence
Joe|| > max {p (v) , p (')} . ®)

Thus, v ¢ T (v'), for otherwise a dominates o' by the
inequality (8). So,

p(v) < max{p (v'), [|ov/||} ©)

From the two inequalities the inequality (7) and (9), we have

max {p (v),p (v')}
< max {max {p (v), [[ov'|[} , max {p (v) , [0’} }
=max {p (v),p (v), [lv0'[I},

which implies that

[[ov'|| > max {p (v),p(v')}. (10)

The four inequalities (3), (5), (8) and (10) imply that the
two links a and a’ are independent, which is a contradiction.
Therefore, the lemma holds. ]

Now, we are ready to describe the orientation H of G.
For any pair of conflicting links a and a’, we orient the
edge in G between a and o’ to an arc in H as follows: If
they dominate each other, we take an arbitrary orientation;
otherwise, if @ dominates a’, we take the orientation from a
to a’; otherwise, we have that @’ dominates a by Lemma 8 and
take the orientation from a’ to a. The lemma below establishes
the upper bound 8 on the ILIN of H.

Lemma 9: The ILIN of H is at most 8.

The proof of Lemma 9 is quite geometrically involved, and
is relegated to the Appendix. From Lemma 9, the third part
of Lemma 6 follows immediately.

IV. CONCLUSION

All existing link scheduling in multihop wireless networks
requires the positions, and/or communication/interference radii
of all nodes. For practical networks, it is not only diffi-
cult or expensive to obtain these parameters, but also often
impossible to get their precise values. The link schedules
determined by the inaccurate values of these parameters may
fail to guarantee the same approximation bounds with the link
schedules determined by precise values. Therefore, the existing
link scheduling algorithms lack of performance robustness.
In this paper, we proposed a robust link scheduling, called

first-fit fractional link scheduling in the smallest-CWD-last
ordering. It can be easily computed with only the topological
information on whether a given pair of links have conflict
or not and the link demands. In addition, the approximation
bound of this algorithm is no worse than the best-known
approximation bound of existing link scheduling algorithms.
Indeed, under the 802.11 interference model, its approximation
bound is 16 in general and 6 with uniform interference radii,
an improvement over the respective best-known approximation
bounds 23 and 7 derived in [7]. Our general treatment of the
first-fit fractional coloring in the smallest-CWD-last ordering
is of independent interest and is expected to find other appli-
cations in the wireless scheduling problems.
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APPENDIX

In this appendix, we prove Lemma 9. We begin with two
simple geometric facts about quadrilaterals. A quadrilateral is
said to be simple if any pair of its non-adjacent sides do not
cross each other.

Lemma 10: Consider a simple quadrilateral uvyx satisty-
ing that = and y lie on the same side of wv, ||zy| >
max {|[zul, [yv[|}, and [luv| < min{[zu], [yv]]}. Then,
the quadrilateral wvyz is convex and Zxuv + Lyvu > 180°.

Proof: We first prove that the quadrilateral uvyzx is
convex. Assume to the contrary that quadrilateral uvyx is not
convex (see Figure 1(a)). Then, either y is inside Azuv, or
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(a) (b)

Fig. 1. Figure for Lemma 10.

x is inside Ayuv.By symmetry, we assume the former holds.
Consider Ayuv. Since ||yv| > |luv||, and hence Zuyv < 90°.
Thus,

Zxyu = 360° — Luyv — Lzyv > 360° — 90° — 180° = 90°.

So, ||zu|| > ||lzy||, which is a contradiction. Therefore, the
quadrilateral uvyz is convex.

Next, we prove that Zxuv + Zyvu > 180°. We have
four angle inequalities (see Figure 1(b)): Zuvz > ZLuzv
since ||zul| > |lwv|; Louy > Zuyv since ||yv| > |Juv||;
Zauy > Zxyu since ||xy| > ||zu||; and Lyva > Lyzv since
lzy|l > |lyv||. Summing up these four angle inequalities, we
obtain

Zxuv + Lyvu > Luxy + Loyx.

Therefore, Zxuv + Zyvu > 180°. [ |
Lemma 11: Consider a convex quadrilateral uvwy satisfy-
ing that
luyl| = [lwo]| = [lyw] = [luo]

and Zuyv > 60°. Then, Lyuv + Zwvu > 180°.

Fig. 2.

Figure for Lemma 11.

Proof: Since |luy|| > ||uv|| and Zuyv > 60°, we have

[uyll = fJuv]l = [lvyll -

Let w’ be the point on vw such that |[w'v|| = ||uv| and y’ be
the point on the same side of uw’ as w such that ||y'u|| = ||yul]
and ||y’'w’|| = ||uv]|| (see Figure 2). Then,
lyw'l| = [lywl| = [lw'w]] = [low]] — [[w'w]]
= [ow'[| = [ly"w’|| -

So, y'u is between yu and w'u, and Zyuw’ > Zy'uw’. Thus,
Zyuv = Lyvw' + Zw'uv > Ly uw’ + Lw'uwo = Ly uv.
Consequently,
ly"oll < lyoll < Jluvll = [w'v]|.

So,
Zw'vy = Zw'y'v > 60°,

and hence Zuvy < 120°. Since ||y'v]] < |luv|, we have
Zuy'v > Zy'uv and hence

o _ ’
180 QZuvy S

Zuy'v > > 30°.

Thus,
Zuy'w' = Zuy'v + Zvy'w' > 30° + 60° = 90°.

Since ||y'u|| > [Juv]|, we have Zy'w'u > Zvw'u. Let y” be
such that uvw’y” is a parallelogram (and hence is a rhombus).
Then

Zy'w'u = Zvw'u < Zy'w'u,

which means that y”w’ is between ww’ and y'w’. As
Zuy'w’ > 90°, we have Zy'uw’ > Zy’uw’, which implies
Zy'uv > Zy"uv. Therefore,

Zyuv > Zy'uv > Ly uw,
and consequently
Zywv + Zwou > Ly"wv + Lwou = 180°.

|

We proceed to prove Lemma 9 using the above two lemmas.

For each node v, we write B, for the disk of radius p(v)

centered at v. A pair of nodes u and v are said to be conflict-
free if

[[wv]| > max {p (u),p(v)}.

Then, two links a and a’ are conflict-free (or independent) if
any endpoint of a and any endpoint of a’ are conflict-free.
We prove Lemma 9 by contradiction. Assume to the contrary
that some link a has a set / of at least nine independent in-
neighbors. Without loss of generality we assume that u and
v are two endpoints of a with p(u) > p(v) and u lying
to the straight left of v. Note that all links in I are disjoint
and none of them is the reverse of a. By the construction
of H, each a’ € I has an endpoint w satisfying that either
w € T'(u), or w € T'(v) and |Juw| > max{p(w),p(u)}.
We partition [ into two subsets I; and Is, where I; consists
of all links a’ € I which has an endpoint in T (u), and I
consists of the rest links in /. For each link a’ € I, we choose
an endpoint of @’ as the representative of a’ as follows. If
a’ € Iy, its representative is an endpoint of a’ which lies
in T (u); otherwise, its representative is an endpoint w of a’
satisfying that w € I' (v) and ||wu|| > max {p (w), p (u)}. We
denote the set of representative of the links in I; (respectively,
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I5) by 57 (respectively, S3). Let S = 51 US5. Then, all nodes
in S are conflict-free and

|S1] + [Sa| = [S] = [I] = 9.

By the simple angle argument, the angle separation of any pair
of distinct nodes in S; (respectively, S2) is greater than 60°.
Therefore, |S7| < 5. Since all nodes in Ss lie on the right side
of the perpendicular bisector of uv, we have |Ss| < 4. So,

1S1] + Sz <5 +4=09.

Hence, |S1| = 5 and |Ss| = 4. Let S7 denote the set of nodes
in S7 which lie to the left side of the perpendicular bisector
of wv and is outside B,; and let S7 = S1\S}. Then, |S7| < 4
and hence |S7| > 1. On the other hand, for each w € S,

p(w) = max{p (u), |uw|} = max{p(v), [lvw]}.

Thus, |57 U Sa| < 5 and hence |SY| < 5—|S3| = 1. Therefore,
51| = [S2] = 4 and [S7] = 1.

Let o be the upper intersection point of the perpendicular
bisector of uv and 9B,,. Number the nodes in S7 by u1, us, us
and uy4 such that o, u1,us, us, ug are in the counterclockwise
order with respect to w; and number the nodes in S by
v1, V2, v3 and v4 such that o, vy, va, v3, v4 are in the clockwise
order with respect to v (see Figure 3). Then, both us and vo
are strictly above the line wwv, and both ug and v3 are strictly
below the line uv. Since

Zusuv + Luguv + Lvsvu + Lvzvu
= 720° — Luguus — Lugvvs
< 720° — 60° — 60° = 600°,

either Zusuv+ZLvsvu or LZuguv+ZLvsvu is less than 300°. By
symmetry, we assume thatZusuv+ Zvovu < 300°. We denote
by B the disk of radius p (u) centered at v. Let p € 0B,
be such that p is in the sector usuo and Zpuus = 60°, and
q € OB be such that ¢ is in the sector vavo and Zquvy = 60°.
Then, uq lies inside the sector puo, vy lies inside the sector
quo, and

Zpuv + Lguu = Lusuv + Lvsvu — 120° < 180°.
We shall show that

luavn]] < max {[Jurwl, [[orol[} <max{p (u1),p(v1)},

which is a contradiction.
If u; is outside B, and v; is outside B,, then by Lemma
10

[ || < max {[lusw], [[orv]|} < max{p(u1),p(v1)},

which is a contradiction. So, we assume that either u; € B,,
or v1 € B,, or both. For each 1 < 7 < 4, we denote
the intersection of the ray wu, (respectively, vv;) and 0B,
(respectively, OB,) by u} (respectively, v}). Let w be the
intersection point of the line segment vv} and 9B,,. We claim
that if u; € B,, then ||Juyub|| > p (u). Assume to the contrary

Fig. 3.

The four nodes wui,us2,us3
countercolockwise order with respect to u; and the nodes v1,v2,v3 and vy
in Sp are sorted in the clockwise order with respect to v.

and ug in S| are sorted in the

that uy € B, and ||ujub|| < p(u). If ug lies on the segment
uhu, then

lurus || < max {[Jusus |, [lurull} < p(u),

which is a contradiction. So, we assume that u} is on the
segment usu. Then,

lurua|l < [lugus || + [luaus|l < [lugus]l + p (u)

= llugus || + [lugull = uzul < p(u2),

which is also a contradiction. Therefore, our claim holds.
Similarly, we can prove that if v; € B,, then |Jviw|| > p (v).

Let = be the intersection of 0B, and the circle of radius
p (u) centered at u), which lies on the same side of ubv as
p (see Figure 4). Since ||pv] > ||zv||, ubz is between u5Hv
and ubp, and consequently, x is in the arc up of radius p (u)
centered at u). So, ||uz|| < ||up|| and hence z in inside B,.
We further show that Zquz < 60°. Consider the quadrilateral
uvxul. Since

Jusz|| = llujull > [|zv]| > [luv]],
we have Zubuv + Zzvu > 180° by Lemma 10. So,

Zquxr = Lgquu — Zrvu < 180° — Lpuv — Lxvu
= 180° — (Luhuv — 60°) — Lzvu
= 180° — (Lubuv + Zzvu) + 60° < 60°.

We continue to derive contradictions in two cases.

Case 1: ¢ € B, (see Figure 5). Let © be the region
surrounded by the three line segments px, xq¢’ and ¢'q and
the two arcs op and oq. We claim that the diameter of € is at
most p (u). Since Zquz < 60°, the diameter of {z,q,¢’,q"}
is at most p(u). Clearly, ||pz| < p(u). By Lemma 10,
lpal < p(u). Since |qu| > q'v]l > fluv], we have
Zuq'v < 60°. Hence, Zpuq’ < Zug'v < 60°, which implies
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Fig. 4. Zquz is less than 60°.

that the diameter of {p,q¢’,¢"”} is at most p (u). Thus, the
diameter of {p,x,q,q’,q"} is at most p (u). Since o is on the
arc pq”, the diameter of {p,x,q,q’,q", 0} is at most p (u).
Hence, the diameter of € is at most p (u). Since ¢’ € B,, and
vy ¢ B, we have vy ¢ B, and hence u; € B,,. So, both u;
and v} lie in €, and hence |luiv}|| < p(u). Thus,

[urvr]l < [luavr | + [lvrvi]] < p (w) + [lore|

= [lioll + o]l = [lorv]l < p(v1),

which is a contradiction.

Fig. 5. When ¢’ € B,,, the diamater of {p, z, q,q’, ¢, 0} is at most p (u).

Case 2: ¢’ ¢ B, (see Figure 6). Then,

p () = [luvll = [lug'| = llq"ll > p(u) = p (v),

and hence dB,, and dB, cross each other. Let z be the upper
intersection point of B, and dB,. Then, z lies on the arc x¢’
of radius p (v) centered at v, and consequently ¢’ lies on the
arc zw of radius p (v) centered at v. Since |Juw|| > |juq’|] >
p(u), w ¢ B,. Let y be the intersection of 9B,, and the circle
of radius p (v) centered at w which lies on the same side of
uw as o. Since |lyul| < ||¢’ul, yw is between ¢'w and ww,

and consequently y is in the arc ¢'v of radius p (v) centered
at w. So, ||vy|| < ||lv¢’|| and hence y in inside B,. So, vy is
between vq and vz, and thus is also between vg and vz.

Fig. 6. When ¢’ ¢ B, the diamater of {o,p, q,q’, z,y} is at most p (u).

Let  be the region surrounded by the four line segments
px, xy, yq and ¢'q and the two arcs op and ogq. We claim
that the diameter of ) is at most p (u). Since Zguzr < 60°,
the diameter of {q,q’,x,y} is at most p (u). We show that
Zpuy < 60°. If Zuyv < 60°, then, Lpuy < Zuyv < 60°. So,
we assume that Zuyv > 60°. By Lemma 11, Zyuv+ Zwvu >
180°. Thus,

Zpuy = Lpuv — Lyuw < 180° — Lquu — Lyuv
= 180° — (Lwvu — 60°%) — Lyuw
= 180° — (Lyuv + Zwvu) + 60° < 60°.

Therefore, ||py|| < p (u). By Lemma 10, both ||pq|| and ||p¢’||
are at most p (u). So, the diameter of {p,q, ¢, x,y} is at most
p (u). Since o is on the arc py, the diameter of {0, p, q, ¢, z,y}
is at most p (u). Hence, the diameter of € is at most p (u).
We consider the following three cases:

Case 2.1: u; € B, and v; € B]. Then both u; and vy
lie in © and hence ||uivi]] < p(u) < p(u1), which is a
contradiction.

Case 2.2: u; ¢ B, and v; € BJ. Then

luavi || < flugur || + uyor|| < Jlurws [+ p (u)
= [[urull < p(u1),

which is a contradiction.
Case 2.3: u; € B,, and v; ¢ B,. Then

urvr]| < [Jurvi|| + lorvi]l < p(u) + [lorv) |
= ool + lvrvy]| = lorv| < p(v1),

which is a contradiction.
This completes the proof of Lemma 9.
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