
Lambda (1) calculus
Very simplet powerful PL
"Universal" model of functional PLS
Simple to reason about!
M::= x | λx. M IMM
↑
↑
function
application
""abstraction"
Examples
√x.x
dx.dy.x
dx.dy.y
df. dx. Fx
Jf. ff
dg. df. dx. 9(fx) Composition
Identity
First
That's all!
recand
Apply
self-apply notypes, so this is fine!
Abstractions are right-associative, app: left-assoc.
dx.dy. 1 . x. x   = (x. (dy. (dz. (xy)2))
Application has higher precedence then abstraction
Ax.xy 12. x2 = √x. ((x y) (dz. (x )))
Free + bound variables
Abstractions bind variables.
-A var. is bound it it's in the scope of a binding
in Asti
^x.
d . (√x - x 2) (dy. (2) (dx.xy) (dy.xx) dx.y (1y.v2 (k . x ))
f
1xx(1xx)



Substitution
[N/x]M Substitute N for free.- x's in m
[y/x] x = Y
[y/x] (x 2 (dx. x)) = √ 2 (dx. 5 Not free!
[Y/Xx) (1 .xx) = 12.YY
[x/x] (dy.yx) #dy.yy yis "captured"
This refers to some outer y
L-equivalence
• "Names of bound variables don't matter"
Ax x = dy.y = 12.2
dx dy. xy = x da. 16. ab
Examples
dx.dy. yxx. dg. df.gqf No
dx.x (dy-zy)   dc. i (dj.k ;) No
dx.dx.dz. x y   da. dy. Ab. aby Yes
Preventing capture: If we're substituting a tera v/a Free Vor y
in to dy. M, α-convert (convert to α-equivalent term)
[y 1x) (dy. yx) = Lylx) (12.2 x) =.dz. zy
[N/x] x = N
[/N/X] y =Y X# Y
[N/x] (dx. M) = λx. M
[N/x) (dy. M) = (Y.LNK) M r & FV (N)
[N/x) (M. M ) = [VKOM, [VK]M 
free variables
(If y & FV (N), α-convert so it isn't)



Computing in d-calculus
p-reductan
(dx.M) N[NKIM
(dx.dy. xx) (dx.xy) (dx.x)
2 (dx.dz.x ). (dx.xy) (dy.y).
(dz. (dx.xy)z) (dy.y)
(d.x.xy) (dy.y)
(dy.yly
y.
TY TO TOT To:
7
7
3
N (Etal reduction
If xf FV (M), then dx. Mx zm
Sort of like let add! l= List.map ((+)))
= let add 1 = List. map ((+) 1)
(dx. dx. y x) wz   (dx.wxk-> w.z) can reduce in many
2 (dyryl wz7wz
ways/orders
-
Normal form- No B reductions are possible
Not every expression. "has" (can be reduced to) a normal form!
(dx.xx) (dx.xx) (dx.xx) (dx.xx)...
(√x.x) ((dy.y) 2)   (1.1/2.>2.< call. by name (lazy)
3
(ilx-x) = 72 = Call by value (eager)



CBV may not terminate even if M has a cormal form
(λx.z) ((dx.xx) (√x-xx)) CBMS z
However! If 2 reductions terminate, both are quaranteed to
have the same result line, normal forms are unique)
"Church-Rosser Property/. Theoren"
0 or more reductions
*
Diamond Property: It M  M  and M  M , then I some My
such that M .My and Ms ** My
12 B
M 
24 M3
Proof outline:
istep
Lennai. If M  / Mz and Mi 7 M3, then there exists Met
such that M  77*M4. and M3. 7 " My
Ĵ
27M 
My
COM4
YzM3
Corollary: If M  M . and M  M3 and Me and My
are in normal form, then M  = M .


